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An applied electric current through a space-inversion asymmetric magnet induces spin-orbit torques (SOTs)
on the magnetic moments, which holds much promise for future memory devices. We discuss general Green’s
function expressions suitable to compute the linear-response SOT in disordered ferromagnets. The SOT can be
decomposed into an even and an odd component with respect to magnetization reversal, where in the limit of
vanishing disorder the even SOT is given by the constant Berry curvature of the occupied states, while the odd
part exhibits a divergence with respect to disorder strength. Within this formalism, we perform first-principles
density-functional theory calculations of the SOT in Co/Pt(111) and Mn/W(001) magnetic bilayers. We find the
even and odd torque components to be of comparable magnitude. Moreover, the odd torque depends strongly
on an additional capping layer, while the even torque is less sensitive. We show that the even torque is nearly
entirely mediated by spin currents in contrast to the odd torque, which can contain an important contribution not
due to spin transfer. Our results are in agreement with experiments, showing that our linear-response theory is
well-suited for the description of SOTs in complex ferromagnets.
DOI: 10.1103/PhysRevB.90.174423 PACS number(s): 72.25.Ba, 72.25.Mk, 71.70.Ej, 75.70.Tj
I. INTRODUCTION
The combination of spin-orbit interaction (SOI) and broken
inversion symmetry gives rise to torques on the magnetization
of ferromagnets if an electric current is applied [1,2]. These
so-called spin-orbit torques (SOTs) arise from the exchange
of angular momentum between the crystal lattice and the
magnetization and enable control of the magnetic state of a
single ferromagnetic layer, while conventional spin-transfer
torque (STT) [3] devices exploit the exchange of spin angular
momentum between two ferromagnetic layers with different
magnetization directions.
SOTs can be observed experimentally both in periodic
crystals—if the structure lacks inversion symmetry like in
bulk (Ga,Mn)As with zinc-blende crystalline structure [4,5]—
and in trilayers with structural inversion asymmetry, e.g., in
AlOx/Co/Pt [6–9] and MgO/CoFeB/Ta [10–12], where a
ferromagnetic layer is asymmetrically sandwiched between
a heavy-metal layer and an oxide layer and the applied current
is parallel to the interfaces. The observation of magnetization
switching by SOTs in systems with strong perpendicular
anisotropy suggests promising new ways to realize magnetic
memory devices [7,8].
Two qualitatively different SOTs are found in experiments
on trilayers, one is an even function of magnetization direction
ˆM; the other one is an odd function. To lowest order in
ˆM, they are given by Teven = teven ˆM × [(eˆz × E) × ˆM] and
Todd = todd(eˆz × E) × ˆM, where E denotes the applied in-
plane electric field and eˆz is a unit vector in the out-of-plane
direction, i.e., perpendicular to the interfaces. Additional
higher order terms describing the anisotropy of SOTs have
been shown to be important in AlOx/Co/Pt [13]. Inverse
spin pumping [14] driven by the spin current due to the
spin Hall effect (SHE) in the heavy-metal layer is expected
to provide an important contribution to Teven. Accordingly,
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it has been proposed to use materials with large spin Hall
angles to achieve strong SOTs [10,15]. In trilayers, Todd
behaves like a fieldlike torque due to an effective magnetic
field ∝eˆz × E. Since eˆz × E is also the direction of the Rashba
spin-orbit field for charge carriers moving along E in the
structure inversion asymmetric geometry, one possible origin
is the current-induced nonequilibrium spin accumulation along
the spin-orbit field [16], which results—via the exchange
interaction—in this effective magnetic field [1,17]. Indeed,
the Rashba effect has been found to be strong at magnetic
heavy-metal surfaces and interfaces [18,19]. Additionally, it
is expected that part of Todd arises from SHE and that part of
Teven arises from the Rashba effect [20–22].
Understanding the roles played by the various mechanisms
proposed to explain SOTs is crucial for optimizing and fine
tuning their properties for future SOT-based devices. For this
purpose we investigate in this work SOTs in Mn/W(001)
and Co/Pt(111) bilayers as well as in O/Co/Pt(111) and
Al/Co/Pt(111) trilayers using Kubo linear-response calcula-
tions based on the first-principles electronic structure obtained
from density functional theory (DFT). Within a model de-
scription of disorder we study the dependence of SOTs on
disorder strength. Additionally, we explore the dependence of
the SOTs on the heavy-metal layer thickness. Furthermore,
we determine to what extent spin currents mediate the torques
by computing spin fluxes and decomposing the torque into
contributions of individual atoms. By comparing SOTs in
Mn/W(001) and Mn/W(001)/Mn we investigate the influence
of an additional Mn substrate layer on the SOT. Finally, we
compare the spin currents that contribute to the magnetic
anisotropy torque to the spin currents that contribute to the
SOT.
This article is structured as follows. We start with a
discussion of the linear-response formalism used for the
calculation of the SOT and specify the computational details in
Sec. II. Section III presents the results. Atom-resolved torques
and spin fluxes are introduced and investigated in Sec. III B. We
conclude with a summary in Sec. IV. Additional derivations
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and aspects related to the Kubo linear-response formalism for
the SOT are given in the Appendixes.
II. COMPUTATIONAL METHOD
A. Kubo linear-response formalism for the torkance tensor
Within the local spin density approximation to DFT the
Hamiltonian H can be decomposed as [23]
H = H0 + μBσ · xc, (1)
where H0 contains kinetic energy, scalar potential, and SOI.
μB is the Bohr magneton, σ = (σx,σy,σz)T is the vector
of Pauli spin matrices, and xc is the exchange field. We
consider only ferromagnetic systems, where the exchange field
xc(r) = xc(r) ˆM is characterized by a position-independent
direction ˆM and a position-dependent amplitude xc(r). The
relation to the Kohn-Sham effective potentials V effmajority(r)
and V effminority(r) of majority and minority electrons is given
by xc(r) = 12μB [V effminority(r) − V effmajority(r)]. In response to an
applied electric field a magnetization δM(r) is induced at
position r. As a consequence, the exchange field xc(r)
is modified by δxc(r) = xc(r)δM(r)/M(r). The resulting
torque T on the magnetization within one unit cell is given
by [24,25]
T =
∫
d3rM(r) × δxc(r) =
∫
d3rxc(r) × δM(r), (2)
where the integration is over the unit cell volume. Thus, the
torque on the magnetization arises from the component of
δM(r) that is perpendicular to xc(r). Within linear-response
theory the torque T arising due to an applied electric field E
can be written as T = tE, which defines the torkance tensor t.
From the Kubo formalism we derive the expression tij =
t
I(a)
ij + t I(b)ij + t IIij , where (see Appendix A)
t
I(a)
ij =
e
h
Tr〈TiGR(EF)vjGA(EF)〉,
t
I(b)
ij = −
e
h
Re Tr〈TiGR(EF)vjGR(EF)〉,
t
II
ij =
e
h
∫ EF
−∞
dE Re Tr
〈
TiGR(E)vj dG
R(E)
dE
− Ti dG
R(E)
dE vjG
R(E)
〉
. (3)
Here GR(E) is the retarded Green’s function, GA(E) is the
advanced one, EF is the Fermi energy, e > 0 is the elementary
positive charge, and vi is the ith Cartesian component of the
velocity operator. The torque operator at position r is given by
T(r) = −μBσ × xc(r), andTi is its ith Cartesian component.
In order to compare theory with experiment, we decompose
the computed torkance into its even and odd parts: t( ˆM) =
teven( ˆM) + todd( ˆM), where teven( ˆM) = [t( ˆM) + t(− ˆM)]/2 and
todd( ˆM) = [t( ˆM) − t(− ˆM)]/2. The same decomposition into
even and odd parts is widely used in the case of the conductivity
tensor σij ( ˆM) [see also Eq. (A5)]: σij ( ˆM) = σ evenij ( ˆM) +
σ oddij ( ˆM), where σ evenij ( ˆM) = [σij ( ˆM) + σij (− ˆM)]/2 and
σ oddij ( ˆM) = [σij ( ˆM) − σij (− ˆM)]/2. Due to the Onsager rela-
tionσij ( ˆM) = σji(− ˆM) the even part of the conductivity tensor
is symmetric, i.e., σ evenij ( ˆM) = σ evenji ( ˆM), while the odd part
of the conductivity tensor is antisymmetric, i.e., σ oddij ( ˆM) =
−σ oddji ( ˆM). [26] However, in the case of the SOTs, the On-
sager reciprocity dictates that a time-dependent magnetization
ˆM(t) induces a current density j(t) = [t( − ˆM(t))]T[ ˆM(t) ×
d ˆM(t)
dt
]/V , where V is the unit cell volume [27]. Thus, while
the Onsager reciprocity relates different matrix elements of
the conductivity tensor, it does not relate different matrix
elements of the torkance tensor, but instead relates the SOT
to its inverse. Consequently, the even torkance is, in general,
neither symmetric nor antisymmetric and likewise the odd
torkance is, in general, neither symmetric nor antisymmetric.
We approximate the effect of disorder by a constant band
broadening , i.e., by setting GR(E) = [E − H + i]−1,
where H is the Hamiltonian Eq. (1) [28]. In the case of
anomalous Hall effect (AHE) and SHE this constant 
approximation does not capture the so-called side jump and
skew scattering [29–33]. The computational assessment of for-
mally analogous extrinsic contributions to the torkance is not
considered here and left for future work. Within the constant 
approximation the even torkance is given by (see Appendix A)
tevenij =
e
2πN
∑
kn=m
Im[〈ψkn|Ti |ψkm〉〈ψkm|vj |ψkn〉]
×
{
(Ekm − Ekn)
[(EF − Ekn)2 + 2][(EF − Ekm)2 + 2]
+ 2[Ekn − Ekm][(EF − Ekm)2 + 2]
+ 2[Ekn − Ekm]2
Im ln
Ekm − EF − i
Ekn − EF − i
}
(4)
and the odd torkance is given by
toddij =
e
πN
∑
knm
2Re[〈ψkn|Ti |ψkm〉〈ψkm|vj |ψkn〉]
[(EF − Ekn)2 + 2][(EF − Ekm)2 + 2]
,
(5)
where N is the number of k points used to sample the
Brillouin zone and ψkn and Ekn denote the Bloch function for
band n at k and the corresponding band energy, respectively.
It is instructive to consider the limit of  → 0, where we
obtain for the even torkance (see Appendix A)
tevenij
→0= 2eN eˆi ·
∑
k
occ∑
n
[
ˆM × Im
〈
∂ukn
∂ ˆM
∣∣∣∣∂ukn∂kj
〉]
(6)
and for the odd torkance
toddij
→0= e
2N
∑
kn
〈ψkn|Ti |ψkn〉〈ψkn|vj |ψkn〉δ(EF − Ekn).
(7)
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In Eq. (6) eˆi denote the unit vectors in x, y, and z directions,
where eˆx and eˆy are in the plane of the trilayers, the summation
over band index n is restricted to the occupied (occ) states, and
ukn(r) = e−ik·rψkn(r) is the lattice periodic part of the Bloch
function ψkn(r). teven is independent of  in the limit  → 0
and describes the intrinsic contribution to the torkance. Like
the intrinsic AHE [34] it has the form of a Berry curvature.
This Berry curvature contribution to the SOT was recently
observed in (Ga,Mn)As [5]. In contrast to teven, todd diverges
like −1 = 2τ/ in the limit  → 0, i.e., proportional to
the relaxation time τ . A recent first-principles study [17]
addressed the  → 0 limit of todd in the case of Co/Pt
bilayers.
Equations (4) and (5) are used in Sec. III to evaluate the
SOT based on Tkinm = 〈ψkn|Ti |ψkm〉, vkinm = 〈ψkn|vi |ψkm〉,Ekm, and EF obtained from first-principles electronic structure
calculations. In order to converge the k summations in these
expressions numerically efficiently, we made use of the
Wannier interpolation technique [35]. Therefore, we first set
up matrix elements of the necessary operators in the basis of
maximally localized Wannier functions (MLWFs) [36]; i.e.,
we compute 〈Wn0|H |WmR〉 and 〈Wn0|Ti |WmR〉, where |WmR〉
are the MLWFs. In order to obtain Tkinm, vkinm, and Ekm at a
given k point, we compute the Fourier transformations
H
(W)
knm =
∑
R
eik·R〈Wn0|H |WmR〉,
v
(W)
kinm =
1

∑
R
eik·RiRi〈Wn0|H |WmR〉, (8)
T(W)kinm =
∑
R
eik·R〈Wn0|Ti |WmR〉,
and transform them into the eigenstate representation accord-
ing to
vkinm =
∑
n′m′
U ∗kn′nv
(W)
kin′m′Ukm′m,
(9)
Tkinm =
∑
n′m′
U ∗kn′nT(W)kin′m′Ukm′m,
where the columns of the matrix Uk are the eigenvectors of
Hk:
∑
m′
Hknm′Ukm′m = EkmUknm. (10)
B. Computational details
We performed DFT calculations of the electronic structure of
Mn/W(001), where we considered a monolayer of Mn on 9
atomic layers of W [denoted in the following as Mn(1)/W(9)]
and additionally a monolayer of Mn on 15 atomic layers
of W [Mn(1)/W(15)]. In order to investigate the effect of a
second ferromagnetic Mn layer on the torque, we also studied a
Mn(1)/W(9)/Mn(1) trilayer, where 9 atomic layers of W(001)
are symmetrically sandwiched between Mn monolayers on
both sides. Structural parameters of the Mn/W(001) interface
have been chosen, as determined in Ref. [37]. The asymmetric
FIG. 1. (Color online) Illustration of the unit cell used in the thin
film calculations of the Co/Pt(111) systems. Magnetization M is in
z direction.
slabs were calculated with the film mode of the full-potential
linearized augmented-plane-wave program FLEUR [38], which
explicitly treats the vacuum region [39]. The plane wave cutoff
was set to 4.1a−10 , the muffin-tin (MT) radius of 2.42a0 (a0
is Bohr’s radius) was used for both Mn and W, and the
generalized gradient approximation [40] was employed. We
used a 24 × 24 Monkhorst-Pack [41] k mesh to sample the
Brillouin zone in the self-consistent DFT calculations and
treated SOI within second variation [42].
In the case of Co/Pt(111) bilayers we considered 3 layers of
Co on 7 [Co(3)/Pt(7)], 10 [Co(3)/Pt(10)], 13 [Co(3)/Pt(13)],
15 [Co(3)/Pt(15)], and 20 [Co(3)/Pt(20)] atomic layers of
Pt(111), corresponding to 1.6, 2.3, 3.0, 3.4, and 4.5 nm of
Pt(111), respectively. We chose the (111) orientation for the
fcc Pt layer since sputter deposited Pt typically shows a strong
(111) texture along the growth direction [43]. In order to
estimate roughly to what extent an oxide layer on the Co—
like the AlOx layer typically present in experiments—might
influence the SOTs, we also considered thin films composed
of 10 atomic layers of Pt(111), 3 atomic layers of Co, and 1
additional atomic layer of O or Al [denoted O(1)/Co(3)/Pt(10)
and Al(1)/Co(3)/Pt(10), respectively]. The in-plane lattice
constant of the hexagonal unit cell was set to the experimental
value of bulk Pt(111) of a/√2 = 5.24a0, where a = 7.41a0
is the lattice constant of the corresponding cubic fcc unit cell
of bulk Pt. The corresponding distance between Pt atomic
layers along the (111) direction is a/√3 = 4.283a0. For the
Co layer we assumed hcp stacking and that the first two atomic
layers of Co follow the fcc pattern of Pt(111) [44,45]; i.e., the
stacking sequence in the Pt layer is ABC and the Co layer is
stacked like ABAB onto the Pt layer with termination ABC.
The unit cell used in the calculations is illustrated for the case
of Co(3)/Pt(10) in Fig. 1. The O and Al atoms are deposited at
the same in-plane position as Co-2. The plane wave cutoff was
set to 3.7a−10 and the following MT radii were used: 2.5a0 for
Pt, 1.8 a0 for Co, 1.5a0 for Al, and 1.1a0 for O. Interfaces were
relaxed in the out-of-plane direction. The resulting distance
between the Pt-10 and Co-1 layers is 3.89a0, while the distance
between adjacent Co layers is 3.50a0. The distances between
the Co-3 and the optional Al and O capping layers are 3.82a0
and 1.84a0, respectively.
In order to evaluate Eqs. (4) and (5) computation-
ally efficiently, we made use of the Wannier interpolation
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technique. We constructed 18 MLWFs per transition metal
atom, and additionally 8 MLWFs per O and Al atom using
an 8 × 8 k mesh [46,47]. The subspace of the MLWFs was
disentangled [48] from a number of bands of 1.4 times
the number of desired MLWFs. A 1024 × 1024 Monkhorst-
Pack [41] k mesh was used in the Wannier interpolation of
Eqs. (4) and (5).
III. RESULTS
A. Total torkances
In Fig. 2 the torkances tevenyx and toddxx as obtained within the
constant  model, Eqs. (4) and (5), respectively, are plotted for
M in z direction. For this magnetization direction, the other
components of the torkance tensor, tevenxx and toddyx , are zero
due to the symmetries of the systems considered here (see
Appendix B). As expected from Eq. (6), tevenyx converges to
its constant Berry curvature value in the limit  → 0, while
toddxx scales like −1 for small , in agreement with Eq. (7).
The sign of tevenyx in all Co/Pt(111) systems studied here is
positive, while the sign in the Mn/W(001) systems is negative.
The positive sign of tevenyx in the Co/Pt(111)-based systems
is consistent with experiments [8,13]. The negative sign of
tevenyx in the Mn/W(001) systems agrees with experiments
on a different W-based magnetic bilayer system, namely
CoFeB/W [49]. The calculated even torkances tevenyx in the
Mn/W(001) systems agree in order of magnitude to those in
the Co/Pt(111)-based systems. For broadening  < 30 meV
the largest odd torkances toddxx among the systems studied here
are found for the Mn/W(001) systems, Al(1)/Co(3)/Pt(10)
and O(1)/Co(3)/Pt(10).
Different heavy-metal layer thicknesses and cappings result
in differences in the local electronic structure in the magnetic
layer and at the interface between the heavy metal and
the magnet. These differences are smeared out when the
broadening  is large. Therefore, both tevenyx and toddxx become
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FIG. 2. (Color online) (a) Even torkance t evenyx and (b) odd
torkance toddxx in Co(3)/Pt(7) ( ), Co(3)/Pt(10) ( ),
Co(3)/Pt(13) ( ), Co(3)/Pt(15) ( ), Co(3)/Pt(20) ( ),
Al(1)/Co(3)/Pt(10) ( ), O(1)/Co(3)/Pt(10) ( ), Mn(1)/W(9)
( ), and Mn(1)/W(15) ( ) for M in the z direction. The product
of elementary positive charge e and Bohr radius a0 used as unit of
torkance amounts to ea0 = 8.478 × 10−30 Cm.
approximately independent of heavy-metal layer thickness
and capping at large broadening  in both the Mn/W(001)-
based and the Co/Pt(111)-based systems, while they vary
substantially with layer thickness and capping at small .
The electrical resistivity of pure bulk Pt as measured
experimentally at room temperature amounts to 10.6 μ cm.
If we set  = 25 meV the resistivities [see also Eq. (A5)]
obtained within the constant  model amount to
ρxx = 9.52 μ cm [Co(3)/Pt(7)], ρxx = 8.85 μ cm
[Co(3)/Pt(10)], ρxx = 8.40 μ cm [Co(3)/Pt(13)],
ρxx = 8.40 μ cm [Co(3)/Pt(15)], ρxx = 7.94 μ cm
[Co(3)/Pt(20)], ρxx = 9.90 μ cm [Al(1)/Co(3)/Pt(10)],
and ρxx = 10.65 μ cm [O(1)/Co(3)/Pt(10)]. Thus, the
constant  model reproduces roughly the electrical resistivity
if we set the broadening to 25 meV. In order to estimate the
torkance in the Co/Pt systems at room temperature within the
constant  model, we therefore use  = 25 meV. Figure 1(a)
shows that the deviation of tevenyx from its  → 0 limit is
important at  = 25 meV for most of the systems studied
here. In the Co/Pt(111) bilayer systems, tevenyx increases
with Pt thickness from 0.5ea0 in Co(3)/Pt(7) to 0.68ea0 in
Co(3)/Pt(20) at  = 25 meV. Addition of an Al monolayer
increases tevenyx from 0.53ea0 in Co(3)/Pt(10) to 0.58ea0.
Likewise, O(1)/Co(3)/Pt(10) has a higher tevenyx of 0.62ea0 in
comparison to Co(3)/Pt(10).
Experimentally, the SOT is often quantified in terms of the
equivalent Oersted magnetic field that one would need to apply
in order to produce the same torque on the magnetization like
the SOT [6,7,9,11,12]. For a given torque T this magnetic
field is B = (T × ˆM)/μS, where μS is the total spin magnetic
moment in the unit cell. For this reason we discuss the torkance
per spin magnetic moment, which amounts to tevenyx /μS =
0.0141 mT cm/V in O(1)/Co(3)/Pt(10) (10 atomic layers of
Pt are 2.3 nm thick), in good agreement to the experimental
result of 0.0139 mT cm/V in AlOx(2 nm)/Co(0.6 nm)/Pt(3
nm) trilayers [50]. However, in Co(3)/Pt(13) (13 atomic
layers of Pt are 3 nm thick) the torkance per spin magnetic
moment tevenyx /μS amounts to only 0.0091 mTcm/V. While
tevenyx = 0.58ea0 in Co(3)/Pt(13) is smaller than tevenyx in
O(1)/Co(3)/Pt(10) by only 6%, the spin magnetic moment is
reduced from μS = 5.78μB in Co(3)/Pt(13) to μS = 4.02μB
in O(1)/Co(3)/Pt(10) due to the oxide layer. Thus, the
increased tevenyx /μS in O(1)/Co(3)/Pt(10) can be attributed
mainly to the reduction of μS.
We now turn to the discussion of toddxx in the Co/Pt(111)
systems. The dependence on Pt thickness and capping at small
values of the broadening  is overall stronger than in the
case of tevenyx . At  = 25 meV deposition of Al increases toddxx
in magnitude from 0.025ea0 in Co(3)/Pt(10) to −0.835ea0,
i.e., by roughly a factor of 30. Similarly, capping by an
O layer increases toddxx in magnitude to −0.372 ea0. At larger
values of , toddxx undergoes sign changes in Co(3)/Pt(10),
O(1)/Co(3)/Pt(10), and Al(1)/Co(3)/Pt(10). The origin of
both the strong variation with capping and the sign changes
lies in the complexity of the interfacial spin-orbit coupling
in realistic materials, where the sign of the effective Rashba
parameter varies between different electronic bands leading
to partial cancellation of contributions from bands with
different effective Rashba parameters [17]. The torkance per
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spin magnetic moment toddxx /μS = −0.0085 mT cm/V in
O(1)/Co(3)/Pt(10) for  = 25 meV is in good agreement
to the experimental value of −0.0089 mT cm/V [50] in
nonannealed AlOx(2 nm)/Co(0.6 nm)/Pt(3 nm) trilayers. In
the uncapped Co/Pt(111) systems the magnitude of toddxx /μS at
 = 25 meV is smaller and the sign is opposite to experiment.
According to our calculations, the oxidation of Co by the
deposition of the AlOx layer is thus crucial to obtain toddxx /μS
as measured experimentally in AlOx(2 nm)/Co(0.6 nm)/
Pt(3 nm).
W has been grown with resistivities as large as 80 and
260 μ cm in SOT experiments on CoFeB/W [49]. For
the high-resistivity phase of W, large SHE angles have been
reported. Therefore, we discuss the torkances in Mn/W(001)
at a broadening of  = 100 meV. At this value of broadening
we obtain within the constant  model resistivities of ρxx =
69.4 μ cm and of ρxx = 60.2 μ cm in Mn(1)/W(9) and
Mn(1)/W(15), respectively. The corresponding torkances are
tevenyx = −0.47ea0 and toddxx = −0.082ea0 in Mn(1)/W(9) and
tevenyx = −0.47ea0 and toddxx = −0.085ea0 in Mn(1)/W(15). As
torkances per spin magnetic moment we obtain tevenyx /μS =
−0.131 mT cm/V and toddxx /μS = −0.0229 mT cm/V in
Mn(1)/W(9) and tevenyx /μS = −0.133 mT cm/V and toddxx /μS =
−0.0241 mT cm/V in Mn(1)/W(15). Sign and order of
magnitude of tevenyx agree to the experiment on CoFeB/W [49].
B. Atom-resolved torkances and spin-flux coefficients
In order to shed light on the mechanisms underlying the
SOTs in magnetic bi- and trilayer films, we introduce the atom-
resolved torkance tijα , which we define by replacing T in
Eq. (3) by the operator Tα , whose matrix elements are
〈ψkn|Tα|ψkm〉 = −μB
∫
MTα
d3r ψ
†
kn(r)σ × xc(r)ψkm(r),
(11)
where the volume integration is restricted to the MT sphere
of the αth atom, which is denoted by MTα . In contrast to T,
which measures the total torque acting on the magnetization
within one unit cell, Tα probes the torque on the spin magnetic
moment of atom α. Since xc(r) is much larger inside the
MT spheres than between them, the sum of the atom-resolved
torkances approximately yields the total torkance, i.e., tij ≈∑
α tijα . Consequently, the torkance on the magnetization in
the interstitial (INT) region between the MT spheres is small:
|tij INT| = |tij −
∑
α tijα|  |tij |.
Additionally, we introduce the linear-response coefficients
qijα of the flux of spin angular momentum [51] into the
MT sphere of atom α. We define qijα by replacing Ti in
Eq. (3) with the operatorQiα , the matrix elements of which are
given by
〈ψkn|Qiα|ψkm〉 = −
μB
2ie
∫
Sα
d S · [ψ†kn(r)σi ∇ψkm(r)
−∇ψ†kn(r)σi ψkm(r)], (12)
where the integration is performed over the surface Sα of
the MT sphere of atom α. In the presence of SOI qijα
FIG. 3. (Color online) Atom-resolved torkance t evenyxα (triangles)
and atom-resolved spin-flux coefficient qevenyxα (circles) in (a)
Co(3)/Pt(10), (b) O(1)/Co(3)/Pt(10), and (c) Al(1)/Co(3)/Pt(10).
Atom-resolved torkance toddxxα (triangles) and atom-resolved spin-flux
coefficient qoddxxα (circles) in (d) Co(3)/Pt(10), (e) O(1)/Co(3)/Pt(10),
and (f) Al(1)/Co(3)/Pt(10). The broadening was set to  = 25 meV.
Lines serve as guides for the eye.
generally differs from tijα , because the spin current flux can
be transferred both to the magnetization and to the lattice and
because SOI generates additional torques that are not based
on a spin current flux [1,2,52]. However, SOI is negligible
in the interstitial region and the spin angular momentum flux
into the interstitial region can therefore only be transferred to
the interstitial magnetization and not to the lattice. Thus, we
have to very good approximation tij INT ≈ qij INT. This flux into
the interstitial region is equal to the negative sum of the fluxes
into the MT spheres, i.e., qij INT = −
∑
α qijα . Since we argued
above that |tij INT|  |tij |, the sum of the fluxes qijα is likewise
small, i.e., |∑α qijα|  |tij |. Additionally, due to translational
invariance in the x and y directions, sizable contributions
to qijα can only originate from spin currents flowing in the
z direction. Thus, the spin fluxes qijα indicate by how much
the nonequilibrium spin current flowing in the z direction is
modified as it traverses the αth atomic layer.
In Figs. 3(a)–3(c) the atom-resolved torkances tevenyxα
and spin-flux coefficients qevenyxα are shown for the systems
Co(3)/Pt(10), O(1)/Co(3)/Pt(10), and Al(1)/Co(3)/Pt(10) at
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 = 25 meV. tevenyxα and qevenyxα are obtained by replacing T
in Eq. (4) with Tα and Qα , respectively. tevenyxα (shown as
triangles) is strongest at Co1 and negligibly small at Pt atoms.
The difference between tevenyxα and qevenyxα (shown as circles)
is insignificant at all three Co atoms. Thus, in the systems
considered here, the even torkance tevenyxα arises from the spin
flux into the Co layer. In this regard, the even torque on the Co
magnetization resembles the STT: In the case of STT in spin
valves spin current is generated in one magnetic layer that acts
as a polarizer and transferred to the magnetization of a second
magnetic layer that acts as an analyzer [3]. In the Co/Pt(111)
systems considered here, spin angular momentum flows from
the nonmagnetic Pt layer into the Co layer, where it produces
a torque on the magnetization.
The coefficient of spin flux into the Co layer, i.e., qevenyxCo1 +
qevenyxCo2 + qevenyxCo3, is positive. This implies a spin current with
spin polarization along the +y direction flowing in the +z
direction for an electric field along the +x direction. This sign
of the spin current agrees with the one of the intrinsic SHE of
bulk Pt [8,53]. For α in the Pt layer qevenyxα tends to be relatively
small except for α = Pt1. The coefficient qevenyxPt1 is negative and
thus opposite in sign to the spin-flux coefficient on Co1. This
negative spin flux into Pt1 arises from the absorption of spin
current with spin polarization along the −y direction flowing in
the −z direction, which is equivalent to spin current with spin
polarization along the +y direction flowing in the +z direction.
Hence, both the negative qevenyxPt1 and the positive qevenyxCo1 are
consistent with a spin current in Pt that is characterized by a
spin polarization along +y and flows in the +z direction for
electric field applied along the +x direction. This spin current
is absorbed efficiently by the magnetic Co1 atoms as well as
by the nonmagnetic Pt1 atoms. The spin current absorbed at
the Co1 atoms is transferred to the Co magnetization, while
the spin current absorbed at the Pt1 atoms is transferred to the
lattice via the SOI.
The situation is rather different for toddxxα and qoddxxα shown
in Figs. 3(d)–3(f). The cases of O(1)/Co(3)/Pt(10) and
Al(1)/Co(3)/Pt(10) show clearly that, in general, the torkance
on the Co moments differs significantly from the spin-flux
coefficient. These differences between toddxxα and qoddxxα for
α = Co1, Co2, Co3 result from the SOI on the Co atoms,
which allows, on the one hand, the transfer of spin angular
momentum flux to the lattice and, on the other hand, the
generation of torques on the magnetization that are not related
to a spin angular momentum flux. In the cases of Co(3)/Pt(10)
and O(1)/Co(3)/Pt(10) the coefficients qoddxxα are very small
for α = Pt1 through α = Pt8, in contrast to qevenyxα discussed
above, where, in particular, qevenyxPt1 is found to be sizable.
This means that the spin fluxes that contribute to the odd
torques in Co(3)/Pt(10) and O(1)/Co(3)/Pt(10) originate only
close to the interface (α = Pt9 and α = Pt10). Thus, the
interfacial spin-orbit coupling rather than the bulk Pt spin-orbit
coupling contributes to the odd torque in Co(3)/Pt(10) and
O(1)/Co(3)/Pt(10). In Al(1)/Co(3)/Pt(10) qoddxxα is sizable for
α = Pt1 through α = Pt3, but qoddxxα oscillates in this region
such that the sum of spin fluxes from the region α = Pt1
through α = Pt3 is negligible. Hence, the spin-flux contri-
bution to the odd torque in Al(1)/Co(3)/Pt(10) originates also
in this case from the Co/Pt interface region.
W1
W2
W3
W4
W5
W6
W7
W8
W9
W10
W11
W12
W13
W14
W15
Mn1
-0.4
-0.2
0
0.2
t y
xαev
en
, q
yx
α
ev
en
[e
a 0
]
t
yxα
even
q
yxα
even(a)
W1
W2
W3
W4
W5
W6
W7
W8
W9
W10
W11
W12
W13
W14
W15
Mn1
-0.1
0
0.1
0.2
0.3
t x
xαod
d
, q
xx
α
od
d
[e
a 0
] t
xxα
odd
q
xxα
odd(b)
FIG. 4. (Color online) Atom-resolved torkances (triangles) and
spin-flux coefficients (circles) in Mn(1)/W(15) at  = 100 meV.
(a) t evenyxα and qevenyxα ; (b) toddxxα and qoddxxα .
Thus, the comparison of Figs. 3(a)–3(c) on the one hand
to Figs. 3(d)–3(f) on the other hand corroborates the picture
that the even torque in the Co/Pt system is associated with
a spin current in Pt arising mainly from the bulk Pt SOI and
flowing into the Co layer, while the odd torque is associated
with interfacial spin-orbit coupling. While the electronic
structure in the thin Pt layer differs from the one in bulk Pt, the
bulk Pt SHE is predictive in both sign and order of magnitude
for the spin current causing the even torque [8].
Figure 4 shows atom-resolved torkances and spin-flux
coefficients in the Mn(1)/W(15) system. In the case of tevenyxα
and qevenyxα shown in Fig. 4(a) we can identify a middle region
(α = W4 through α = W13), where qevenyxα is small. Large spin
fluxes exist for the atoms W1 and W3 as well as for Mn1.
The sign of the spin fluxes into W1 and W3 is opposite
to the one for Mn1. Thus, the sign of these spin fluxes is
consistent with a spin current with spin polarization along
−y flowing in the +z direction if the electric field is applied
along +x direction. This spin current generates a torque on
the magnetization of the Mn1 layer, whereby it is absorbed.
Since the difference between tevenyxMn1 and qevenyxMn1 is small, the
torque on Mn1 arises dominantly from the spin flux into the
Mn1 sphere. The sign of the spin current generated in W is
opposite to the one in Pt and consistent with the intrinsic
SHE in bulk W [28,49]. On the other hand, qoddxxα shown in
Fig. 4(b) is negligible in the region α = W1 through α = W7.
The exchange of angular momentum between W and Mn that
contributes to the odd torque is thus restricted to the interfacial
region and can be attributed to the interfacial SOI. Since the
difference between toddxxMn1 and qoddxxMn1 is small, also the odd
torque arises mostly from a spin flux in this case. In summary,
the qualitative behavior of the atom-resolved torkances and
spin-flux coefficients in the Mn(1)/W(15) system resembles
the one in the Co(3)/Pt(10) system.
The large values of qevenyxPt1 and qevenyxW1 in Figs. 3(a)–3(c) and
Fig. 4(a), respectively, pose the question to which extent an ad-
ditional substrate below the heavy-metal layer might influence
the even torque, in particular if the heavy-metal layer is thin.
In order to address this question, we computed atom-resolved
torkances and spin-flux coefficients in Mn(1)/W(9)/Mn(1),
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FIG. 5. (Color online) Atom-resolved torkance t evenyxα (trian-
gles) and atom-resolved spin-flux coefficient qevenyxα (circles) in
Mn(1)/W(9)/Mn(1) at  = 100 meV.
which we show in Fig. 5. The magnetizations in the two Mn
layers, Mn1 and Mn2, are chosen to be parallel to each other
and along the z direction. Comparing Fig. 5 to Fig. 4(a) we
find that in the Mn(1)/W(9)/Mn(1) system the additional
magnetic layer (Mn1) absorbs the spin current with spin
polarization along +y, which is flowing in the −z direction,
while in the Mn(1)/W(15) system it is absorbed by W1 and
W3. Both absorption mechanisms are sufficiently efficient
to prevent transformation of significant portions of the spin
current flowing in the −z direction into a spin current flowing
in the +z direction by reflection at the boundary of the
system. Consequently, the resulting torkance tevenyxMn2 in the
Mn(1)/W(9)/Mn(1) system agrees well with the torkance
tevenyxMn1 in the Mn(1)/W(15) system.
The torkance toddij as given by Eq. (7) can be interpreted as
a correction to the magnetic anisotropy due to the nonequilib-
rium distribution of electrons [2]. Without an applied electric
field the torque due to magnetic anisotropy is given by [54]
Tmae = − 1N
∑
kn
fkn〈ψkn|T|ψkn〉, (13)
where fkn is 1 for occupied states and zero otherwise. Within
the relaxation time approximation, an applied electric field
E changes the occupancies fkn by δfkn = −eτ 〈ψkn|v|ψkn〉 ·
E δ(EF − Ekn), which modifies the torque by
− 1N
∑
kn
δfkn〈ψkn|Ti |ψkn〉 =
∑
j
toddij Ej , (14)
where Ej are the Cartesian components of the applied electric
field and toddij is given by Eq. (7). As discussed above, part
of the odd torque is mediated by spin currents. In order to
demonstrate that also the magnetic anisotropy torque, Eq. (13),
can contain important contributions from spin currents in
bilayer systems, we investigate the atom-resolved torques Tmaeα
as well as the atom-resolved spin fluxes Qmaeα , which are
obtained from Eq. (13) by replacing the torque operator T
by the atom-resolved torque operator Tα , Eq. (11), and the
atom-resolved spin flux Qα , Eq. (12), respectively. Figure 6
shows Tmaeα and Qmaeα in Mn(1)/W(9) when the magnetization
is tilted away from the z axis towards the x axis by 30◦ (for
magnetization along z, i.e., along the easy axis, both Tmaeα
and Qmaeα are zero). Clearly, the torque on Mn1 arises almost
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FIG. 6. (Color online) Atom-resolved torques (triangles) and
spin-fluxes (circles) in Mn(1)/W(9) without applied electric field
when the magnetization is rotated away from the easy axis by 30◦.
entirely from the spin flux. The spin fluxes Qmaeα decay rapidly
with increasing distance from the interface and are negligible
on W1 through W5. This behavior resembles the one of the
spin-flux coefficients qoddxxα shown in Fig. 4(b).
The electron wave functions are spinors ψkn(r) =
(ψkn↑(r),ψkn↓(r))T, which do not carry any charge current in
z direction. However, the spin-up and spin-down components
of these spinors separately carry equal but opposite charge
currents in the z direction. Thereby a spin current in the z
direction is associated with each Bloch function |ψkn〉. These
spin currents in the z direction interact with the SOI as well
as with the exchange field in Mn1 and close to the interface.
Thereby, they exhibit the spin fluxes Qmaeα shown in Fig. 6
and contribute to the magnetic anisotropy. This mechanism
resembles the interlayer exchange coupling in spin valves
or tunnel junctions, which is mediated by spin currents that
flow between two magnets even in the absence of an applied
bias [55,56]. In comparison to interlayer exchange coupling
in spin valves, the SOI takes over the role of one of the two
ferromagnets.
For magnetization along z individual states |ψkn〉 in
Eq. (13) exhibit nonzero torques 〈ψkn|T|ψkn〉 and spin fluxes
〈ψkn|Qα |ψkn〉. However, the net torques and spin fluxes are
zero when the Brillouin zone summation is carried out and
when magnetization is along z. For this reason we tilted the
magnetization direction away from the easy axis in Fig. 6.
When an electric field is applied the states are occupied
according to a nonequilibrium distribution and the Brillouin
zone summation in Eq. (14) yields a nonzero torque even for
magnetization along z. This explains the similar qualitative
behavior of the odd spin-flux coefficients qoddxxα shown in
Fig. 4(b) and the spin fluxes Qmaeα : The spin currents that
contribute to the odd torque are present also without applied
electric field. An additional electric field only changes the
relative weight of the spin current associated with a given
state |ψkn〉 by changing its occupancy fkn. In contrast, the
spin current due to SHE is not present without applied electric
field, which is why the even spin-flux coefficients qevenyxα differ
qualitatively from qoddxxα .
IV. SUMMARY
We performed first-principles calculations of the SOTs in
Co/Pt(111) and Mn/W(001) within the Kubo linear-response
formalism. We decomposed the SOTs into their even and odd
contributions with respect to magnetization reversal, because
these even and odd parts depend differently on disorder, which
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we approximated by a constant band broadening. Moreover,
in the bi- and trilayer systems considered here, the even
torque arises dominantly from bulk spin-orbit coupling in the
heavy-metal layer, while the odd torque depends strongly on
the interfacial spin-orbit coupling. Moreover, we found that the
even and the odd torques can be of similar magnitude, but that
the odd torque can be suppressed due to its strong dependence
on details like the capping and the heavy-metal layer thickness.
While the even torque is almost entirely explained by spin
currents originating in the heavy-metal layer and flowing
into the magnetic layer, the odd torque can contain a sizable
contribution that does not stem from spin transfer. The spin
currents which add to the odd torque are also present if no
electric field is applied, in which case they contribute to the
magnetic anisotropy. Our results are in satisfactory agreement
with experimental measurements.
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APPENDIX A: LINEAR-RESPONSE FORMALISM
FOR THE TORKANCE
We can write the torque on the magnetization within one
unit cell due to an electron in state ψ(r) as
T[ψ] = −μB
∫
d3rxc(r) × ψ(r)†σψ(r)
= μB
∫
d3rψ(r)†σψ(r) × xc(r)
= −
∫
d3rψ(r)†T(r)ψ(r), (A1)
where T(r) = −μBσ × xc(r) is the torque operator. Accord-
ing to Kubo linear-response theory [57], the torkance tensor is
given by
tij = − limE→0
[
1
E Im ij (E)
]
, (A2)
where ij (E) is e times the Fourier transform of the retarded
torque-velocity correlation function:
ij (E) = −ie
∫ ∞
0
dte
i

E t 〈[Ti(t),vj (0)]−〉. (A3)
Following the standard recipe [57] to obtain retarded func-
tions conveniently by analytical continuation of Matsubara
functions, it is straightforward to derive the expressions
t
I(a)
ij = −
e
h
∫ ∞
−∞
dE df (E)
dE Tr〈TiG
R(E)vjGA(E)〉c,
t
I(b)
ij =
e
h
∫ ∞
−∞
dE df (E)
dE ReTr〈TiG
R(E)vjGR(E)〉c,
(A4)
t
II
ij =
e
h
∫ ∞
−∞
dEf (E) ReTr〈TiGR(E)vj dG
R(E)
dE
−Ti dG
R(E)
dE vjG
R(E)〉c,
which give the torkance as a sum of three terms, tij = t I(a)ij +
t
I(b)
ij + t IIij , the first two of which are Fermi surface terms, while
the third one is a Fermi sea term. We assume that the dominant
effect of room temperature on the torkance is the enhancement
of the band broadening . Therefore, we set the temperature
of the Fermi-Dirac distribution function f (E) to zero in the
calculations. Replacing in Eq. (A4) f (E) with the Heaviside
step function θ (EF − E) and df (E)dE with the Dirac δ function−δ(EF − E) leads to Eq. (3) in the main text.
The result Eq. (A4) can also be obtained from the Bastin
equation [58,59] for the conductivity tensor,
σ
I(a)
ij = −
e2
hV
∫ ∞
−∞
dE df (E)
dE Tr〈viG
R(E)vjGA(E)〉c,
σ
I(b)
ij =
e2
hV
∫ ∞
−∞
dE df (E)
dE ReTr〈viG
R(E)vjGR(E)〉c,
(A5)
σ
II
ij =
e2
hV
∫ ∞
−∞
dEf (E) ReTr〈viGR(E)vj dG
R(E)
dE
− vi dG
R(E)
dE vjG
R(E)〉c,
by replacing the current density operator −evi/V
with −Ti .
Within the constant  model it is convenient to use the
eigenstate representation, i.e., GRkn(E) = [E − Ekn + i]−1.
The eigenstate representation allows us to split Eq. (3) into
two terms: one term, which contains only contributions of
Re[〈ψkn|Ti |ψkm〉〈ψkm|vj |ψkn〉] and a second term containing
only contributions of Im[〈ψkn|Ti |ψkm〉〈ψkm|vj |ψkn〉]. The
first term is given by
toddij =
e
πN
∑
knm
2Re[〈ψkn|Ti |ψkm〉〈ψkm|vj |ψkn〉]
[(EF − Ekn)2 + 2][(EF − Ekm)2 + 2]
.
(A6)
Only the Fermi surface terms in Eq. (A4), i.e., t I(a)ij and t I(b)ij ,
contribute to toddij . Using the transformation properties under
time reversal,
xc → −xc,
〈ψkn|v|ψkm〉 → −(〈ψkn|v|ψkm〉)∗, (A7)
〈ψkn|m|ψkm〉 → −(〈ψkn|m|ψkm〉)∗,
〈ψkn|T|ψkm〉 → (〈ψkn|T|ψkm〉)∗,
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it is straightforward to show that the torkance component toddij
is odd with respect to magnetization reversal. The second term
yields
tevenij =
e
2πN
∑
kn=m
Im[〈ψkn|Ti |ψkm〉〈ψkm|vj |ψkn〉]
×
{
(Ekm − Ekn)
[(EF − Ekn)2 + 2][(EF − Ekm)2 + 2]
+ 2[Ekn − Ekm][(EF − Ekm)2 + 2]
+ 2[Ekn − Ekm]2
Im ln
Ekm − EF − i
Ekn − EF − i
}
. (A8)
Only t I(a)ij and t IIij contribute to tevenij . From Eq. (A7) it follows
that tevenij is even with respect to magnetization reversal.
The odd torkance becomes in the limit  → 0
toddij
→0= e
2N
∑
kn
〈ψkn|Ti |ψkn〉〈ψkn|vj |ψkn〉δ(EF − Ekn),
(A9)
which diverges like 1/. On the other hand, we obtain in the
limit  → 0
tevenij
→0= 2eN
∑
k
occ∑
n
∑
m=n
Im
[ 〈ψkn|Ti |ψkm〉〈ψkm|vj |ψkn〉
(Ekm − Ekn)2
]
,
(A10)
where the summation over band index n is restricted to the
occupied (occ) bands. This expression is independent of  and
thus describes the intrinsic contribution to the torkance.
According to Eq. (1) the Hamiltonian H is dependent
on the magnetization direction ˆM through the exchange
interaction μBσ · ˆM xc(r). The derivative of H with respect
to magnetization direction ˆM is related to the torque operator
as follows:
ˆM × ∂H
∂ ˆM
= μB ˆM × σ xc(r) = −μBσ × xc(r) = T(r).
(A11)
Using
∂|ukn〉
∂kj
=
∑
m=n
|ukm〉〈ukm| ∂H (k)∂kj |ukn〉
Ekn − Ekm
+ iaknj |ukn〉
= 
∑
m=n
|ukm〉〈ukm|vj (k)|ukn〉
Ekn − Ekm
+ iaknj |ukn〉
(A12)
and
ˆM × ∂|ukn〉
∂ ˆM
=
∑
m=n
|ukm〉〈ukm| ˆM × ∂H (k)∂ ˆM |ukn〉
Ekn − Ekm
+ iaknT|ukn〉
=
∑
m=n
|ukm〉〈ukm|T|ukn〉
Ekn − Ekm
+ iaknT|ukn〉, (A13)
where the phases aknj and aknT determine the gauge, H (k) =
e−ik·rHeik·r is the Hamiltonian in crystal momentum repre-
sentation and ukn(r) = e−ik·rψkn(r) is the lattice periodic part
of the Bloch function ψkn(r), we obtain
tevenij
→0= 2eN eˆi ·
∑
k
∑
n
[
ˆM × Im
〈
∂ukn
∂ ˆM
∣∣∣∣∂ukn∂kj
〉]
, (A14)
which has the form of a Berry curvature similar to the AHE.
However, this Berry curvature contribution to the SOT requires
us to differentiate also with respect to the magnetization
direction ˆM and not only with respect to k. It is thus
a mixed Berry curvature in k- ˆM space. This mixed k- ˆM
Berry curvature has recently been shown to govern also the
Dzyaloshinkii-Moriya interaction [60,61].
APPENDIX B: SYMMETRY CONSIDERATIONS
General symmetry properties of SOTs are discussed in
Refs. [13,62,63]. In the films that we consider in this work,
the xz plane is a mirror plane. For M in the z direction, mirror
reflection at the xz plane inverts M, because it is an axial
vector. Likewise, the x component of the torque is inverted,
but the y component is not, because also the torque is an axial
vector. An electric field along the x direction is not inverted
by mirror reflection at the xz plane, because the electric field
is a polar vector. Consequently, symmetry requires txx to be an
odd function of magnetization and tyx to be an even function
of magnetization for M in the z direction. Thus, tevenxx = 0 and
toddyx = 0 if M is in the z direction. When the magnetization is
in z direction the Mn/W(001) films considered in this work
exhibit c4 symmetry around the z axis and the Co/Pt(111)-
based films c3 symmetry. As a consequence of these rotational
symmetries we have additionally tyy = txx = toddxx and txy =
−tyx = −tevenyx . Thus, for magnetization along the z direction
we find the odd torkance to be a symmetric tensor and the even
torkance to be an antisymmetric tensor. However, in general,
the even torkance tensor is not always antisymmetric and the
odd torkance tensor is not always symmetric. Symmetry and
antisymmetry of the odd and even parts of the torkance tensor
arise from the rotational symmetries of the systems that we
consider here and not from the Onsager reciprocity relations
of the torkance tensor.
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